Abstract-In this paper, the physical meanings and various computing methods of characteristic modes (CMs) of dielectric and magnetic bodies are investigated. Two types of surface integral equation (SIE) formulations based on the dependent relationships between the equivalent surface electric and magnetic currents are proposed. Following the two types of SIE formulations, two generalized eigenvalue equations are established to determine the CMs of dielectric or magnetic bodies. This is in contrast to the approach using induced volume currents. It is found that the eigenvalues possess clear physical meanings similar to those of perfectly electric conducting bodies. The CMs can be used to describe the resonant features, including resonant frequencies and resonant field distributions. Numerical results are presented to validate the proposed formulations.
a perfect magnetic conductor (PMC) or slab waveguide [24] . Although these methods are very fast, their accuracy is relatively low due to using PMC assumption [24] . In addition, analytic methods can only apply to those DR with regular shapes, such as cylinder, rectangle, and sphere. For arbitrarily shaped DR, only numerical methods can be used, such as the determinant root seeking method which seeks the roots of the determinant of the method of moments (MoM) impedance matrix in a complex frequency plane [26] , [27] . However, the method may suffer from severe numerical problems and heavy computation burdens [28] . Compared with those traditional methods, the TCM of dielectric and magnetic bodies provides an efficient approach to obtain the resonant modes of DR.
Harrington et al. [17] developed a TCM for dielectric and magnetic bodies using the volume integral equation (VIE), which is denoted as VIE-based CM in this paper. However, Harrington et al. [17] pointed out that the imaginary part of f * , T f was not the reactive power [17, Sec. IV] , where f is the source quantity including both induced volume electric and magnetic currents. Obviously, the power character of VIE-based CM is different from the TCM for PEC bodies, but Harrington et al. [17] did not explain the reason. This is one reason that the VIE-based CM was not widely used. Some careful investigations in this paper show that the imaginary part of f * , T f corresponds to the reactive power of dielectric or magnetic bodies. However, when the bodies are both dielectric and magnetic, the imaginary part of f * , T f does not correspond to the reactive power.
Although the VIE-based CM provides correct modal solutions for dielectric or magnetic bodies, it requires a large number of unknowns when the electric size increases. To overcome the problem, Chang and Harrington [18] developed a TCM for dielectric and magnetic bodies using the Poggio, Miller, Chang, Harrington, Wu, and Tsai (PMCHWT) equation, which is denoted as PMCHWTbased CM in this paper. The PMCHWT-based CM is the first attempt to research the modal problem of dielectric and magnetic bodies using surface integral equation (SIE). However, Chang and Harrington [18] did not interpret the physical meanings of the PMCHWT-based CM. Recently, some scholars have realized the importance to explain the physical meanings and to verify the physical validity of the PMCHWT-based CM, and some valuable studies have been done in [19] [20] [21] and [29] . In Section III, some more in-depth studies on the physical meanings and validity of PMCHWT-based CM and its relationship with the VIE-based CM are presented.
Alroughani et al. [29] pointed out that the direct application of PMCHWT-based CM may lead to some spurious modes, and provided some methods to recognize the spurious modes. Chen and Wang [19] , Chen [20] , and Hu and Wang [21] pointed out that the dependent relationships between the equivalent surface electric and magnetic currents should be considered when the PMCHWT-based CM is applied. Some numerical results in Section V will show that the PMCHWT-based CM indeed results in many spurious modes, as a result of lacking the dependent relationships. Chen and Wang [19] and Chen [20] proposed two formulations of CMs for dielectric and magnetic bodies based on the PMCHWT equation, and it is the first time to use only equivalent surface electric or magnetic current to obtain the CMs of dielectric and magnetic bodies. Hu and Wang [21] proposed five types of SIE formulations in a unified manner to determine the CMs of dielectric and magnetic bodies.
In order to solve the above-mentioned problems, following the boundary conditions of electromagnetic fields, we find two sets of dependent relationships between the equivalent surface electric and magnetic currents, and the dependent relationships have no concern with the excitation sources. Following the dependent relationships, we propose two types of SIE formulations for the CMs of homogeneous dielectric or magnetic bodies; one can directly solve the equivalent surface electric currents, and the other can directly solve the equivalent surface magnetic currents. As compared with the previous CM formulations in [17] [18] [19] [20] , the new CM formulations have some attractive characteristics. First, the new CM formulations require less unknowns relative to the VIE-based CM formulation; second, the new CM formulations can be immune from the spurious modes. However, the new CM formulations have their limitation. For example, when the body is both dielectric and magnetic, the new CM formulations may fail to provide correct modal solutions.
In what follows, the e j ωt convention is used throughout.
II. VIE-BASED CM AND ITS PHYSICAL MEANINGS
In this section, the VIE-based CM is reviewed and its physical meanings are interpreted from the perspective of power.
As shown in Fig. 1 , let us consider a scattering problem with incident field ( E inc , H inc ) illuminating a 3-D material body with volume V and constitutive parameters (ε, μ). The material body is embedded in an unbounded homogeneous background medium with constitutive parameters (ε 0 , μ 0 ). The region of the homogeneous background is denoted as V 0 , and the boundary surface of V is denoted as ∂ V , and the unit outward normal vector of ∂ V is denoted asn. It is assumed that the material body is loss-free.
We represent the total field ( E tot , H tot ) as the sum of the incident field ( E inc , H inc ) and the scattered field ( E sca , H sca ) which is due to the induced polarization current J v and the induced magnetization current M v , where the subscript v denotes that the currents are volumetric distributions. By invoking the volume equivalence principle [32] , the induced currents are related to the total field by the constitutive relationship
It must be pointed out that the induced currents are motivated by the incident field. The incident field is the actual source that supplies power to the scattering problem. Considering the conservation of energy, to keep the induced currents, the incident field must do work [31] . The instantaneous total rate of doing work by the incident field in a finite volume is [31] 
For time-harmonic fields, the complex power corresponding to (2) is as follows [25] :
whose real part represents the time-averaged rate of work done by the incident field on the induced currents, and the asterisk denotes complex conjugate.
We define the symmetric product of two vector functions A and B in as
in which
where S ∞ represents the sphere at infinity. Considering the conservation of energy, it is found that the power supplied by the incident field is converted into three parts. The P rad represents the radiated power of scattered field, and the P field_store corresponds to the difference of stored magnetic and electric energies of scattered field, and the P mat_store corresponds to the difference of magnetization and polarization energies of material bodies [33] . When P field_store + P mat_store is zero, the phenomenon is called resonance. The P mat_store should be emphasized, because it is the most different characteristic between PEC and material problems. When we consider a PEC problem, the P mat_store vanishes because the total field in the interior of PEC is zero.
Harrington et al. [17] developed a TCM for dielectric and magnetic bodies using the VIE as follows:
where Re denotes real part, and Im denotes imaginary part. Comparing (3), (5), (9), and (14), it is obvious that (1/2) f T n T 1 f n represents the radiated power, while (1/2) f T n T 2 f n does not always represent the reactive power. Only when material body is dielectric or magnetic, (1/2) f T n T 2 f n can correspond to the reactive power, because M n or J n vanishes.
From the perspective of power, the VIE-based CM is physically valid for obtaining CM, when the material body is dielectric or magnetic; it is physically invalid for obtaining CM, when the material body is both dielectric and magnetic. When VIE-based CM is valid, the eigenvalues have clear physical meanings, i.e., the eigenvalue corresponds to the ratio between the reactive power and the radiated power. Therefore, the eigenvalue is zero, when the mode is resonant. Besides, the modal fields hold the orthogonality relationships as those of PEC problems [2] .
It may be confusing that there exist ( E inc , H inc ) in (15), since it is often said that the TCM has no concern with excitation sources. The TCM is regarded as a source-free method because its results have no concern with excitation sources. However, it is worth mentioning that the physical meanings of CMs closely concern with excitation sources. As we can observe from (5) and (6)
represents the total complex power done by the incident field. Accompanying the procedure of doing work, the energy supplied by the incident field is converted into the energy of scattering system. From (5), it is found that the energy of scattering system is obviously related to the incident field. In other word, each CM corresponds to a distribution of incident field, and this is the key point to excite specific CM. For example, if we consider the CMs of PEC bodies, we denote the current of the nth CM as J n , and the modal fields of the nth CM as ( E n , H n ). Following the boundary conditions, the incident field that corresponds to the nth CM satisfies:
where ∂ V represents the surface of PEC bodies. ( E inc n , H inc n ) can completely excite the nth CM. On the other hand, if we consider the CMs of material bodies, we denote the volume currents of the nth CM as ( J n , M n ), and the modal fields of the nth CM as ( E n , H n ). Following the constitutive relationship (1), the incident field that corresponds to the nth CM satisfies:
where V represents the region occupied by material bodies. ( E inc n , H inc n ) can completely excite the nth CM. Considering (16) and (17), it is obvious that each CM corresponds to a distribution of incident field.
III. PMCHWT-BASED CM AND ITS PHYSICAL MEANINGS
In this section, the PMCHWT-based CM is reviewed, and its power characters are researched in detail. Besides, the relationships between the PMCHWT-based CM and the VIE-based CM are carefully studied from the perspective of power.
Chang and Harrington [18] developed a CM formulation for homogeneous and loss-free material bodies using the PMCHWT equation. We will briefly present Chang's formulation here, and more details can be found in [18] .
Considering the Love's equivalence principle [34] , the problem in Fig. 1 can be divided into two subproblems, the exterior problem in Fig. 2(a) and the interior problem in Fig. 2(b) . Using the boundary conditions of electromagnetic fields, one can obtain
The PMCHWT equation can be written in a symmetric form [18] 
The operators L i and K i are defined as [37] 
where k i is the wavenumber in the region V i and G( r , r , k i ) is the green's function in an unbounded homogeneous medium with the wavenumber k i and P.V. denotes the Cauchy principal value of the integral. Equation (19) can be transformed into a matrix equation using the MoM [18] T f = g
where
and T is the impedance matrix of the PMCHWT [18] . T can be expressed in terms of its Hermitian parts as T = T 1 + j T 2 , where
T 1 and T 2 both are real symmetric matrices, because T is a symmetric matrix. Chang and Harrington [18] formulated the PMCHWT-based CM using the following generalized eigenvalue equation:
where λ n is eigenvalue value, and f n is eigenvector, and (25) in which the J n and M n are, respectively, the expansion vectors of characteristic currents J n and M n . In addition, both λ n and f n are real, because T 1 and T 2 both are real symmetric matrices. Therefore, one can obtain
Substituting (21), (22) , and (25) into (27) gives
Substituting (23) and (28) into (24) gives
These above results on PMCHWT-based CM can also be found in [18] , but their physical meanings were not explained in [18] . In the following parts of this section, their physical meanings are explained from the perspective of power, and then the equivalence relationships between the PMCHWT-based CM and the VIE-based CM are presented.
Based on (1.1) and that ∇ × H tot = j ωε E tot in V , it can be derived that
Because of the vector identity
, it can be obtained that
Because of the divergence theorem and (18.1), the first term in the right-hand side of (31) can be written as
Because of that ∇ × E inc = − j ωμ 0 H inc in V , the second term in the right-hand side of (31) can be written as
By inserting (31)- (33) into (30) and utilizing (1.2), it is derived that
Similarly, it can be derived that
By solving the above simultaneous equations about
where εμ−ε 0 μ 0 = 0. By adding (35.1) to (35.2), it is derived that 1 2
By comparing (5), (14), (28) , and (36), it is easy to find out that the power character of the PMCHWT-based CM is identical to the power character of the VIE-based CM. As pointed out in Section II, the real part of (14) represents the radiated power, while the imaginary part of (14) does not always represent the reactive power, and then (28) is also like that; the VIE-based CM is physically valid when the material body is dielectric or magnetic, while it is physically invalid when the material body is both dielectric and magnetic, and then the PMCHWT-based CM is also like that. In addition, it need to be clarified that the J s and M s in PMCHWT-based CM must be physically connected with each other. Once the incident field is given, J s and M s are decided by Maxwell's equations. Chang and Harrington [18] did not consider the dependent relationships between the J s and M s and therefore the PMCHWT-based CM formulation in [18] could result in many spurious modes. In Section IV, we will propose the dependent relations between J s and M s and some correct SIE formulations for CM are followed.
IV. ALTERNATIVE SURFACE FORMULATIONS BASED ON THE DEPENDENT RELATIONSHIPS BETWEEN EQUIVALENT SURFACE ELECTRIC AND MAGNETIC CURRENTS
In this section, we propose two sets of dependent relationships between the equivalent surface electric and magnetic currents. Based on the dependent relationships, two new SIE equations and two new CM formulations for dielectric or magnetic bodies are presented.
When considering the problem in Fig. 2(a) , the total field is zero in region V . Therefore, J s and M s establish the negative incident field in region V , and the scattered field in region V 0 . That is to say, the scattered field on the external surface of material body which is denoted as S + is
and the incident field on the internal surface of material body which is denoted as
When considering the problem in Fig. 2(b) , the total field is zero in region V 0 . Therefore, − J s and − M s establish the total field in region V . That is to say, the total field on S − is
Using (38) and (39), the scattered field on the S − is
Because the tangential components of scattered field are continuous when crossing the surface of material body in the original problem, we have 
Applying MoM to (50), and selecting the RWG functions as the basis functions and the test functions, we have
where Z EJ , Z EM , Z HJ , and Z HM are matrices, and J s , M s , V E , and V H are column vectors, and their elements are as follows:
A. SIE-J-Based CM Substituting (49.2) into (51), we have
It must be pointed out that (61) is different from (9) and (23), because T J is not a symmetric matrix. Therefore, we should use conjugate transpose rather than conjugate. Next consider the following generalized eigenvalue equation:
Using (61) and (62), we have
Based on (36) , and comparing (63) with (15), it is obvious that the physical meanings of the above λ n derived from (62) is the same as both the λ n derived from VIE-based CM and the λ n derived from PMCHWT-based CM. We define the new CM as SIE-J-based CM. If the material body is dielectric or magnetic, the above λ n represents the ratio between the reactive power and the radiated power. λ n is zero when the mode is resonant. J n represents the expansion vector of equivalent surface electric current, and the corresponding M n can be obtained using (49.2) as follows:
where J n works with its resultant magnetic current M n together to produce its modal field using (37) and (40). More importantly, after radiated power is normalized to unit, the J n must satisfy the usual orthogonality relationships
where δ mn is the Kronecker delta (0 if m = n, and 1 if m = n). Besides, because (1/2)J H n T 2 J n and (1/2)J H n T 1 J n both are real numbers, λ n is a real number. However, J n and M n are complex, rather than real.
Any equivalent surface electric current can be written as the linear combination of the characteristic currents
Substituting (58) and (66) into (65), we have
It indicates that those λ n with smaller magnitudes are more important for radiation and scattering problems. In general, modal significance (MS) is more convenient than eigenvalue to investigate the resonant behavior over a wide frequency band, and it is defined as [2]
The MS transforms the (−∞, +∞) value range of eigenvalues into a much smaller range of (0, 1]. The CMs with unit MS are resonant modes and the other ones are nonresonant modes. Substituting (72) and (77) into (76), we have
It indicates that those λ n with smaller magnitudes are more important for radiation and scattering problems. We can also define MS as [2] .
V. NUMERICAL RESULTS

A. Scattering by a Dielectric Sphere
In this section, scattering by a dielectric sphere of radius 32 mm and ε r = 2 is considered. The operating frequency is 1 GHz. Three methods are used to solve the scattering problem, SIE-J equation, SIE-M equation, and Mie series, respectively.
Figs. 3 and 4 show the bistatic RCS from the sphere. When using SIE-J equation, J s is directly solved, and M s is obtained using (49.2). When using SIE-M equation, M s is directly solved, and J s is obtained using (46.1). J s works with M s together to produce its scattered field using (37) .
From Figs. 3 and 4 , it is obvious that the bistatic RCS obtained from three methods agree well with each other, and this validates SIE-J equation and SIE-M equation.
B. Various CMs of a Dielectric Cylinder
In this section, various CMs of an isolated dielectric cylinder are presented. Its radius is 5.25 mm, and height is 4.6 mm. The relative permittivity is ε r = 38 and the relative permeability is μ r = 1. [26] , [27] . Table II compares the degeneracy of five types of CMs.
Comparing Fig. 5(a) -(c) it is obvious that the MS solved from VIE-based CM is extremely alike with those solved from SIE-J-based CM and SIE-M-based CM. From Fig. 5(a) -(c) and Table I , it is found that the resonant frequencies obtained from VIE-based CM, SIE-J-based CM, and SIE-M-based CM agree well with those obtained from the determinant root seeking method and the measurement. Considering the results of VIE-based CM, SIE-J-based CM, and SIE-M-based CM from Table II , it is found that there are eight resonant modes (including the degenerate hybrid modes) in the frequency band of 4.5-8 GHz. This conclusion is the same as that reported in [38] . In addition, we investigate the modal electrical fields and modal radiation patterns of VIE-based CM, SIE-J-based CM, and SIE-M-based CM, and find that they are extremely alike as presented in Fig. 6 . More importantly, all of them agree well with those obtained from the determinant root seeking method in [27] . These results validate previous conclusions.
1) SIE-J-based CM is a dual form of SIE-M-based CM.
2) VIE-based CM is equivalent to SIE-J-based CM and SIE-M-based CM, from the perspective of power. 3) VIE-based CM, SIE-J-based CM, and SIE-M-based CM can obtain correct resonant modes of dielectric bodies. Fig. 5(d) shows the MS of the first 30 modes obtained from the PMCHWT-based CM. The color of each line Table I , it is found that there are too many resonant frequencies in the frequency band of 4.5-8 GHz, including natural resonant frequencies (locating at the red circles) and many extra resonant frequencies. In other word, although the PMCHWT-based CM could obtain natural resonant modes, it results in many spurious modes. The reason has been discussed in Section II and in [19] and [20] .
Considering Fig. 5 (e) and Table I , it is found that there exist extra resonant frequencies (such as 6.22, 7.3, and 7.4 GHz). These extra resonant frequencies do not agree with Fig. 5(a) -(c) and natural modes in [26] and [27] . From  Fig. 5(e) and Tables I and II, it is found that there are more than eight resonant modes (including the degenerate hybrid modes) in the frequency band of 4.5-8 GHz, and this result does not agree with the conclusion in [38] . Therefore, these extra resonant modes can be identified as spurious modes. Hu and Wang [21] pointed out this too.
In a word, considering the MS, modal fields, and modal radiation patterns, it is obvious that VIE-based CM is equivalent to SIE-J-based CM and SIE-M-based CM, and all of them can give the correct modal solutions, including resonant frequencies and fields. Differently from VIE-based CM, SIE-J-based CM and SIE-M-based CM only define unknowns on the surfaces of material bodies, and therefore they can save a lot of computation time. A comparison about computation time of them is presented in Table III . The central processing unit (CPU) time includes the time for the computation of the impedance matrix and solving the generalized eigenvalue equation at a single frequency. The computations are carried out in a personal computer which is powered by a 3.2-GHz Intel Core Quad processor and 8 GB RAM.
In addition, taking the mode 1 as an example, its eigenvalue curve is shown in Fig. 7 . The curve implies that the mode 1 is capacitive when its operating frequency is smaller than 4.87 GHz, and the mode 1 is resonant at 4.87 GHz, and the mode 1 is inductive when its operating frequency is larger than 4.87 GHz.
VI. CONCLUSION This paper discusses the physical meanings and computing methods of TCM for dielectric and magnetic bodies. The VIE-based CM is proven to be correct for dielectric or magnetic bodies. Besides, previous PMCHWT-based CM is proven to be physically invalid, when the material body is both dielectric and magnetic. Using the dependent relationships between the equivalent surface electric and magnetic currents, two types of CM are proposed in this paper, SIE-J-based CM and SIE-M-based CM, respectively. They are proved to be equivalent to the VIE-based CM, from the perspective of power. Compared with the VIE-based CM, SIE-J-based CM and SIE-M-based CM require less computation time. Besides, numerical results show that the SIE-J-based CM and SIE-M-based CM can be immune from spurious modes. SIE-J-based CM and SIE-M-based CM provide efficient ways to obtain resonant frequencies and fields of dielectric or magnetic bodies. The modal expansion coefficients of SIE-J-based CM and SIE-M-based CM can be obtained, and there are of great importance to design DR and the analysis of scattering from arbitrarily shaped material bodies.
